Abstract. We prove that a compact Riemann surface can be realized as a pseudo-holomorphic curve of (R 4 , J), for some almost complex structure J if and only if it is an elliptic curve. Furthermore we show that any (almost) complex 2n-torus can be holomorphically embedded in (R 4n , J) for a suitable almost complex structure J. This allows us to embed any compact Riemann surface in some almost complex Euclidean space and to show many explicit examples of almost complex structure in R 2n which can not be tamed by any symplectic form.
Introduction
An almost complex structure is a natural generalization of a complex structure to the non-holomorphic case. Namely, an almost complex structure on a 2n-dimensional smooth manifold M is a tensor J ∈ End(T M ) such that J 2 = −I. An almost complex structure is called integrable if it is induced by a holomorphic atlas. In view of the celebrated NewlanderNiremberg theorem, an almost complex structure is integrable if and only if the vanishes (see [NeNi57] ). In dimension 2 any almost complex structure is integrable, while in higher dimension this is far from true. A smooth map f : N → M between two almost complex manifolds (N, J ′ ), (M, J) is called pseudo-holomorphic if f * J = J ′ f * . When the map f is an immersion, (N, J) is said to be an almost complex submanifold of (M, J). If N is a compact Riemann surface, then the triple (N, J ′ , f ) is called a pseudo-holomorphic curve. A local existence result for pseudo-holomorphic curves appeared in [NiWo63] . The concept of pseudo-holomorphic curves was also implicit in early work of Gray [Gra65] . Such curves were studied by Bryant in [Bry82] and are related with the study of harmonic maps and minimal surfaces (see [EeSa86] ). The idea of using pseudo-holomorphic curves to study almost complex and symplectic manifolds is due to Gromov. In the celebrated paper [Gro85] Gromov used pseudo-holomorphic curves to introduce new invariants of symplectic manifolds. Subsequently such curves were taken into account by many authors (see e.g. [McSa04, McSa98] and the references therein).
In the present paper we study compact pseudo-holomorphic curves embedded in R 2n . If we equip R 2n with a complex structure, then it does not admit any compact complex submanifold (by the maximum principle). Thus, it is a very natural problem to ascertain if it is possible to find compact complex manifolds embedded in R 2n equipped with a non-integrable almost complex structure. In the first part of this paper we prove the following Recall that a complex torus T n is the quotient of C n by a lattice Λ. If n ≥ 2 it may or may not be algebraic (i.e., an abelian variety). We shall consider more generally R 2n equipped with an almost complex structure invariant by a lattice. We call the quotient an almost complex torus. Using the above results, in the last section we observe that the J Λ 's are explicit examples of almost complex structures on R 2n which cannot be tamed by any symplectic form.
Preliminaries
In the present paper all manifolds, maps, etc., are taken to be smooth, i.e., C ∞ .
Let J be an almost complex structure on a 2n-dimensional smooth manifold M . We denote by T M the tangent bundle to M and by T M * its dual bundle. Then J induces the splitting
Λ 1,0 being the eigenspace relative to i. On the other hand, if an n-dimensional subbundle Λ of T M * ⊗ C satisfying
is given, then Λ determines a canonical almost complex structure J on M . Furthermore an almost complex structure allows us to split the bundle Λ r ⊗C of the complex r-form on M in
The de Rham differential operator splits accordingly as d = A + ∂ + ∂ + A with respect to (2.1). In view of the Newlander-Nirenberg theorem J is integrable if and only if A = 0 or, equivalently, if and only if ∂ 2 = 0. We refer the reader to [Sa02] for more details about Hermitian geometry. If M is a parallelizable manifold, then the choice of an almost complex structure on M is equivalent to the choice of a global complex coframe {α 1 , . . . , α n } satisfying
The parallelizable case obviously includes R 2n and the complex tori. Let be Ω an open subset of R 2n and let J be an almost complex structure on Ω determined by a complex coframe {α 1 , α 2 , · · · , α n }. Fix a smooth map f : Ω ⊂ R 2n → C and denote by Z f := f −1 (0) the zero set of f . We are interested in understanding when Z f is an almost complex hypersurface of (Ω, J). We have Lemma 2.1. Assume that df ∧ df | Z f = 0. Then the following facts are equivalent:
Proof. In order to prove the equivalence (i) ⇔ (ii) we write df as df = e 1 + i e 2 for some e 1 , e 2 in T R 2n * . Now it is enough to notice that ker(e 1 ) ∩ ker(e 2 ) = T p Z f ⊂ R 2n is a J-invariant space if and only if it is possible to complete {e 1 , e 2 } to a basis {e 1 , e 2 , e 3 , · · · , e 2n } such that both the spaces span R {e 1 , e 2 }, span R {e 3 , · · · , e 2n } are J-invariant. In order to prove (ii) ⇒ (iii) we observe that condition (ii) implies that we can assume span C {df, df } |Z f = span C {β, Jβ} for some real 1-form β
which readily implies that df ∧ df |Z f is of type (1, 1). In order to prove that (iii) ⇒ (ii) we assume by contradiction that
The equivalence (iii)⇔(iv) is obvious.
For the statement (ii)⇔(v) we note that the identity df = ∂f + ∂f implies df = ∂f + ∂f . Hence (df ∧ df ) 0,2 = ∂f ∧ ∂f , and we are done.
Proof of the main results
In this section we prove Theorems 1.1 and 1.2. We start by proving a lemma which is a consequence of the adjunction formula [McSa98, p.139] and the following Theorem due to Whitney: Lemma 3.2. Let J be an almost complex structure on R 4 and let i : X ֒→ R 4 be a pseudo-holomorphic curve of (R 4 , J). Then X is a torus, i.e. X has genus one.
First proof. Let i : X ֒→ R 4 be an immersion and denote by N (X) the vector bundle normal to X. Let i * (T R 4 ) = i * (R 4 × R 4 ) denote the trivial vector bundle on X. Then i * (R 8 ) = T X ⊕ N (X). By hypothesis T X and N (X) are complex rank one bundles on X and by the above theorem of Whitney N (X) is trivial. Hence, since dim C (N (X)) = 1, if c 1 (·) denotes the first Chern class, then one has
Therefore T X has to be trivial and the claim follows.
Second proof. Let J be an almost complex structure on R 4 and let i : X ֒→ R 4 be a pseudo holomorphic curve of (R 4 , J). Fix an arbitrary J-Hermitian metric g on R 4 and let N (X) be the normal bundle to X with respect to g. Denote by {J 1 , J 2 , J 3 } the quaternionic complex structure of R 4
There exists a smooth map A : R 4 → GL(4, R) such that J 0 = A −1 JA. By the result of Whitney (see e.g. [Hir76, p.138]) we have that N (X) has a nowhere vanishing global section V . Then W := AJ 2 A −1 V is a nowhere vanishing tangent vector to X.
Using the argument of the second proof one can prove the following more general result: Hence the first part of theorem 1.1 is proved. Now we show the proof of Theorem 1.2, which in particular implies the second part of Theorem 1.1.
Proof of Theorem 1.2.
First of all we consider the case of the standard elliptic curve T = C/Z 2 :
Let J be the almost complex structure on R 4 determined by the following complex frame
where z, w are the standard complex coordinates on R 4 and let f : C 2 → C be the map f (z, w) = (|z| 2 − 1) + i(|w| 2 − 1). Then f −1 (0) defines a smooth embedding of the torus in R 4 . We have
and in view of Lemma 2.1 f −1 (0) is an almost complex submanifold of (R 4 , J). Now we consider the general case: Let (T 2n := R 4n /Z 4n , J 0 ) be the 2n-dimensional torus equipped with the standard complex structure. In this case, the space of the (1, 0)-forms is generated by {dz 1 , . . . , dz n }.
Any almost complex structure J ′ on T n can be described by a coframe {ζ 1 , . . . , ζ n } of the form
where the τ ij 's and the τ ij 's are complex maps on T 2n . Such an almost complex structure corresponds to a lattice Λ in R 2n . In view of the first step of this proof, the standard complex torus (T 2n := R 4n /Z 4n , J 0 ) can be holomorphically embedded in (R 4n , J), for a suitable J. Let {α 1 , . . . , α n , β 1 , . . . , β n } be a (1, 0)-coframe on (R 4n , J) satisfying
The maps {τ ij } , {τ ij } can be regarded as periodic maps on R 2n and they can be extended on R 4n . We can assume that conditions (3.1) still hold on
for i, j = 1 . . . , n. The frame {α τ 1 , . . . , α τ n , β τ 1 , . . . , β τ n } induces an almost complex structure J Λ on R 4n . A direct computation gives
Using the well-known Abel-Jacobi map one can embed any compact Riemann surface of positive genus in its Jacobian variety. Hence in view of above theorem any compact Riemann surface of positive genus can be embedded in some (R 2N , J). So, in order to prove Theorem 1.3, we have to show that CP 1 can be embedded in some (R 2n , J) for a suitable J. We have the following Proof. The sphere S 6 has a canonic almost complex structure J induced by the algebra of the octonians O (see e.g., [Ca58, Bry82] ). Moreover, if we intersect S 6 with a suitable 3-dimensional subspace of Im O, then we obtain a pseudo-holomorphic embedding of CP 1 in (S 6 , J) (see [Bry82] , again). Hence the stereographic projection π : S 6 − {a point} → R 6 induces a pseudoholomorphic embedding of CP 1 to R 6 equipped with the almost complex structure induced by J and π.
Almost complex structures tamed by symplectic forms
We recall that an almost complex structure J on a manifold M is said to be tamed by a symplectic form ω if Proof. Since the second cohomology group is trivial the symplectic form ω is exact, namely ω = dθ. If N ֒→ M is almost complex then (N, ω = dθ) is exact symplectic and so Stokes Theorem implies that N cannot be compact
Here is an application: Proposition 4.2. Let J be an almost complex structure on R 2n tamed by a symplectic form. Then (R 2n , J) does not admit any compact almost complex submanifold. In particular, the almost complex structures J Λ 's described in section 2 cannot be tamed by any symplectic form.
Remark 4.3. For other examples of almost complex structures which can not be calibrated by symplectic forms see [MiTo00, To02] .
